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LETTER TO THE EDITOR

Canalized states in a two-dimensional quantum model of thin
films

N Markovska, J Pop-Jordanov and E A Solov'evt
Macedonian Academy of Sciences and Arts, PO Box 428, 1000 Skopje, Macedonia

Received 4 January 1995

Abstract. In the two-dimensional quontum model defined by Hamiltonian A (x, y) = —%A,_,, +
(@ + Acos y)[5(x — a) + 8(x 4 a)] we revealed a particular solution with positive energy
exponentially decreasing as xj — co in spite of the tufmelﬁng effect. The existence of these
canalized states cannot be explained in terms of one-dimensional quantum theory and must be
referred to as an ingenious interaction between different degrees of freedom.

We are considering the two-dimensional problem defined by Hamiltonian (atomic units are
used throughout):

. ¥ 3 | )
H=—5 (8x2+a——5 “+{x +Acos W)[E(x ~a)+5(x +a)l. {D

This Hamiltonian models the particle in 2 two-layer thin film of thickness 2e with 27 Jattice
period (see figure 1). Recently the quantum treatment of such a system has become topical
owing to the achievements in understanding the physics of nanocrystalline solar cells [1].
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Figure 1. The pattern of the two-dimensional thin film.
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The wavefunction of Hamiltonian (1) satisfies the two-dimensional Schriidinger equation
for a free particle:

1(8> &
—3 (5-;2 + 3_y2) ¥x, y) = E¥(x, ¥) 2

everywhere except at the points x = Za. The presence of the 3-barrier at x = 4 leads to
the well known matching condition [2):

Vi(x, Pimato = ¥ (%, Plr=ao (3a)
a H
CAACTP)) S A7) =2 + Aeos Y)Y (@ y). (35)
dx x=a-+0 3x x=ea~0
The same condition holds at x = --a. However, owing to the symmetry of the Hamiltonian

" x,y)= H (—x, ¥) we can choose the wavefunction in symmetric or antisymmetric form:
¥(x, ¥) = 2yr(—x, y), and the problem is reduced to the half-plane x = 0.

In this problem the boundary condition has a non-standard form of a combination of
boundary conditions from scattering and solid-state theory. Namely, the scattering boundary
condition for the x coordinate [3]:

Stfin = €™ Yroue )
and the Bloch condition for the y coordinate [2):
Yix, y+2m) = Y (x, y) _ &)

where § is the S-matrix, £ is the scatiering phase and p is the quasi-momentum. Therefore,
the general solution can be chosen as an eigenfunction of the S-mairix with respect to the
x axis with a fixed quasi-momentum along the y axis. The latter entails seeking v as a
Fourier series with respect to the y coordinate:

VoY) = (““’S """) expli(p + 7]
=

ink,x
n=, § "

cosh g,x .
+ Z‘m e (sinh i ) expli(p +m)yl  lxI<a (6a)

n<d

Y(x,3) =Y _ dasinfkalx| + 6(p)) expli(p + n)y]

n=l

+ Y dvexpl-golxl +i(p+n)y] [ >a (65)

n>=m
el

where g, = J(p+n)2—2E, ky = J2E~(p+n? [ = [-p—+2E] and m =
[—p + ~2E}. The upper circular and hyperbolic functions in equation (6z) pertain to the
solutions that are symmefric in the x coordinate, the lower to the antisymmetric solutions.

Obviously, wavefunction (6) satisfies Schrédinger equation (2) and boundary conditions
4), (5). The coefficients of expansion in equation (6) and scattering phase 6(p) are
determined from matching condition (3) which takes the form of three-term recurrence
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relations for coefficients 4, (see the appendix). These recurrence relations have two linearly
independent sclutions. The physical solution has to decrease as # — Zzoo. This type of
solution has asymptotics:

ree\ M I 1
o= (T) T(n+pl—a+1) (1+0(5))' . &

The requirement for the decrease in the coefficients d, on both sides (n — —oo and
n — +4o0) determines & = @(p). The alternative solutions increase at least on one side
with asymptotics

oy =t ' '
dy = (5-;_) T(n+pl~a+1) (1 +0 G)) @,

so that for them the series in (6) diverge.
On examining the complete set of wavefunctions (6) we have revealed a particular

solution of unusual type:

Wz y) = oo (°°S fox ) exp(ipy) + Y ca (°°Sh‘f"") explip +n)y] Il <a
n=1

sinkox sinh g,,x

VN =) diexpl—agalx| +i(p+m)y] | xI2a ©)

n=l

The surprising property of these states is their location in the vicinity of the y axis. We
have to emphasize that these canalized states occur above the boundary of the continuous
spectrum (£ > 0) and wavefunction (6) contains a component with positive energy with
respect to the x coordinate, This is the way in which one could expect the particle to
propagate in all directions due to the tunnelling effect. Thus the existence of canalized
states cannot be explained in the framework of one-dimensional quantum theory and must
be referred to an ingenious interaction between different degrees of freedom.

It follows from equation (A2) that canalized states exist only with the additional

restriction:
coskpa | o
co (sinkga ) =0 - (0

which provides the connection between kg and a: kpa = (j + %)n’ for the symmetric and
koa =-jm for the antisymmetric case, where j is integer. Consequently, the condition
gt = (p + 1) — 2E > O restricts the quasi-momentum region where this type of state
exists:

2
+ 2P 1
P2 Pmin = (-"_-ﬁ— -3 (11a)
for symmetric states and
222
j°m 1
P 2 Pmin = Sz 5 N (11b)
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for antisymmetric states.
To prove the ex1ste:nce of canallzed states (9) let us introduce the following
transformation:

_ coshgea § _ _
Di=c ( cosh qna) = dy oxD(—gsa). 12)

Using this transformation, the recurrence relations for the coefficients of the special kind of
solution witl be

(B1 — @)Dy = 31D, n=1

(Br = 0)Dy = 3A(Dnp1 + Dp-t) 0322 (13)
The coefficient ¢g is determined from equation {A.7) which takes the form
—sink
Cokg( Cg;“kog“) = Ad; exp(—q1a). (14)
19 10
RO )]
At )] A(p)
57 54
v 4 \\ 0 : /
_5é \ -5-5
_vw;s """"" o s 10 _10;3' s VY 15
o P

Figure 2, Continued fraction (16) as a function: (@) ¢ (A =5,a=235, p=2.5 and j = 3); and
(Pyp=25(x=354=5 a=35, and j = 3). The arrow indicates the root corresponding 1o
the quantum state in figure 3.

Relations (13} can be rewritten in the form of an e1genvalue problem with respect to
parameter o )

AD; = o,D; (15)

where
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Figure 3. The space distribution of probability dens:ty Wi(x, y) for a canalized state at ¢ = 5,
A=5a=5p=25and j=3,

This approach is an analogue of the Sturmian representation for hydrogen where instead
of the energy the charge of the nucleus is quantized [4). The operator A is Hermitian
and well-defined in Hilbert space. Therefore the eigenvalue problem has an infinite set
of solutions with real exgcnvalues . The numerical procedure for finding the eigenvalues,
of three-diagonal matrix A can be reducad to the calculation of the zeros of the related
continued fraction
12 ;\-_2 . ;LZ

7 A=28 — 2« (2&—2&—(2‘33—2&'—““-(Zﬁ,,—Z(X—““ . (16)
Figure 2(z) shows A as a function of ¢ at e =5, A = 5, p = 2.5 and j = 3. From
figure 2(e) one can see that the plot has a tangent-like form with an infinite number of
roots «; on the right-hand side. Figure 2(J) illustrates the dependence of A on the quasi-
momentum at fixed values of the parameters determining Hamiltonian (1). The density of ~
probability W(x, y) = |%(x, y)I? corresponding to the solution indicated in figure 2 by the
arrow is shown in figure 3.

Obviously, the phenomenon considered here is not only a particular feature of the given
model but should also exist in three-dimensional many-layer problems with a more realistic
descripiion of the layers. Similar (from the mathematical point of view) discrete states with
non-standard boundary properties have been revealed in the one-dimensional non-stationary
Schrddinger equation [6], which models the multi-photon ionization of an_atom in a strong
faser field.

This work was supported by the Macedonian Academy of Sciences and Arts under Grant
09-548/}. One of us (JP-J) appreciated stimulating discussions with Professor M Gretzel,
Appendix

Substituting wavefunction {6} into condition of smoothness (3z) we obtain the relation
between the coefficients in the interior (x| < a) and exterior ([x| > @) regions:
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dy eXp(—~ud) = € ( 2?;;‘3:;’) n<ln>m (Al)
' dy sinkpa +0) = ¢, (Z::]’:"s) 1<ngm (A2)

The condition for the jump in the first dertvative (35) in representation (6) transforms into
a three-term recurrent relation for coefficients dy:

() forn<landn>m+1 -
A eXP(—gn@)(Bn — &) = jAdni1 €XP(—Gn31@) + 3Ads—| CXP(—Gn—1a) (A3)
(idfori+I<n<m
d(By — @) sin 1y = YAdpy sin ppsy + FAdn_y Sin frny (A4)

where j, = k,a + 8 and

-1
1 4+ exp(—2g,a) n<ln>m
5 = } 7 \1 - exp(-24:0) ’
" _1 1{- tan lcna
zqu,,cot,(.l.,,‘+2( cothya ) I€ngm

{as before the upper and lower functions in 8, comrespond to symmetric and antisymmetric
states, respectively). The relations in the vicinity of the transitional indexes # = { and

n=pm are:

diexp(—qia) (B — o} = §Adiy $in pryy + d3d)s exp(—gi1a) (A5)
dirt (Bra1 — @) sin gy = $Adiaa Sin sy + §Ad; exp(—qia) (A6)
(B — &) 810 fi = A1 €XP(—Gmii@) + SAdpr SiR g (AT)
i1 EXP(— G110} Py — ) = %Adm+2 exp(—gm+28) + %Adm sin e . (A8)
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